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1. The distance between two points in three-dimension cartesian system

The distance between two points P (x1, y1, z1) and Q(Xz, y2, z2) in the three-dimensional Cartesian system
is given by

; \2 y 2 / V2
PQ = \/(Xz = Xy) +(Y2- Y:) +(Z-7,)
2. Section formula

If C(Xx, vy, z) divides the join of A(x1, Y1, z1) and B(Xz, y2, z2) in the ratio my : mz(mi, mz > 0) then

e b o el PR, 3 Cigaiil) § O L - il Cr
I I
m, +m, m, +m, m, +m,
and
Lol y = ALY =YG . T2 =Wy
14 I
oYy =N M=l M=y

3. Centroid of a Triangle
The centroid of a triangle XYZ whose vertices are X(x1, Y1, z1), Y(Xz2, Y2, z2) and Z(xs, Y3, z3) are

I'4

X; X5+ X5 ¥y +Yo Y5 Z AT FZy)
! 3 ! 3 ’ 3 f

4. Centroid of a Tetrahedron

The centroid of a tetrahedron ABCD whose vertices A(X1, Y1, 1), B(X2, Y2, z2), C(X3, Y3, z3) and D(Xa, Ya,
(X + X+ X3 +X, Y3 +Yo+Y3+Y, Z +Z, +23+Z, )

L 4 ! 4 ? 4 )
Z4) are

5. Direction Cosines (d.c’s)
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If a line makes in angles a, B, y with positive directions of x, y and z-axes then cos a, cos B, cos y are
called the direction cosines of the line. Generally, direction cosines are represented by |, m, n.

The angle q, B, y are called the direction angles of the line XY and the direction cosines of YX are cos(n -
a), cos(n -y)i.e., - cos a, —cos 3, —cos y.

Thus, the direction cosines of the x-axis are cos 0, cos n/2, cos n/2 i.e., 1, 0, 0. Similarly the d.c's of y
and z axis are (0, 1, 0) and (0, 0, 1) respectively.

Note:

(a) If £, m, n be the d.c’s of a line OP and OP = r, then the coordinates of the point P are (fr, mr, nr).
(b) 2+ m?2 + n2 = 1 or cos?a + cos?B + cos?y = 1

(c) Sin2a + sin?p + sin2y =2

6. Direction ratios (d.r.’s)

Direction ratios of a line are numbers which are proportional of the d.c’s of a line.

Direction ratios of a line PQ, (where P and Q are (x1, y1, z1) and (X2, Y2, z2) respectively, are x2 — X1, Y2 -
Y1, Z2 — Z1.

7. The relation between the d.c.’s and d.r.’s

If a, b, cand the d.r.’s and |, m, n are the d.c.’s, then

a b C

{=i' : . ,mzi‘ , ln=i p ,
\]( a’ +b? +c2») J(laz +b? + %} J[.az +b? +c?|

Remember: If a, b, c and d.r.’s of AB then d.c’s of a line AB are given by the +ve sign and those of the
line BA by -ve sign.

8. The angle between the two lines

If (£1, m1, n1) and (£2, mz, ny) be the direction cosines of any two lines and 6 be the angle between them,
then, cos 6 = £ {2 + mim2z + nin>

(@) If lines are perpendicular then I3 I2 + mimz + nin2 =0
(b) If lines are parallel then

(c) If the d.r.’s of the two lines are a;, b1, ¢1 and a3, by, ¢ then

S

...I...: No.1 site & app

=='.. for JEE, BITSAT, NEET, SSC, Banking
g

& other competitive exams preparation


https://play.google.com/store/apps/developer?id=gradeup&hl=en

4

gradeup
www.gradeup.co
a,a +bb, +cc
{2 2 2\ Jf .2 2 2
\/(31 +bf +¢; }J{_a,_ +b3 +¢3

Jz(b1c2 ‘b2C1)2
\/(a‘;' +bf +¢3 l\/(ag +b3 +¢3 |

sing =+

&
So, that the conditions for perpendicular and parallelism of two lines are repetitively.
aiaz + bibs + cic2 = 0 and al b2 C2

(d) If I3, my, n1 & £, my, ny are the d.c.’s of two lines, the d.r.’s of the line which is perpendicular to both
of them are min; - many, nily = naly, limz = My,

9. The equation of a plane in three-dimensional geometry
(i) General form

Every equation of first degree in X, y, z represents a plane. The most general equation of the first degree
inx,y, zisax + by + cz + d = 0 where at least one of a,b,c is non-zero.

Note:

(a) Equation of yz planeis x = 0
(b) Equation of zx planeisy =0
(c) Equation of xy planeisz =10

(ii) One-point form
The equation of the plane through (xi, yi1, z1) is
a(x-x1)+b(y-vy1)+c(z-z1)=0

(iii) Intercept from

X .o¥
=T F
a b

OIN
Il
—

The equation of the plane in terms of intercepts of a,b,c from the axes is
(iv) Normal form

The equation of plane on which the perpendicular from the origin of length p and the direction cosines of
perpendicular are cos a, cosp and cos y with the positive directions of x, y & z-axes respectively is given
by xcosa+ycosB+zcosy=p

(v) The equation of the plane passing through three given points

The equation of the plane passing through A(xi, Y1, z1), B(x2, Y2, z2) and C(xs, y3, z3) is given by
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X=Xy Y=Yy 24
X=Xz Y=Yz Z-2Z5=0
X=Xz Y—-VY3 Z2-73

(vi) The equation of a plane passing through a point and parallel to two lines

The equation of the plane passing through a point P(xi, y1, z1) and parallel to two lines whose d.c’s and I,
mji, Ny and Iz, my, Nz is

Xo=ky  N=Ng L=y
{l ml nl = 0
€2 m; Ny

(vii) The equation of a plane passing through two points and parallel to all line

The equation of the plane passes through two point P(x1, yi, z1) and Q(Xz2, Y2, z2) and is parallel to a line

X=Xy Ya2—Y1 Z3—Z|=0
( m n

whose d.c.'sare |, m, nis
10. Angle Between two Planes
If © be the angle between the planes aix + b1y + c1z + d; = 0 and axx + by + ¢,z + d; = 0 then

{ A\
a,a, + b,b, + ¢,c,

8 = cos |

| \’(af +bi +ci)(a; +b3 + 3 J

(a)If planes are perpendicular then a;a> + bib, + cic2 = 0

(b) If planes are parallel then

11. Angle Between a Plane and a Line

If a be the angle between the normal to the plane and a line then 90° - a is the angle between the plane
and the line.
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12. Length of Perpendicular from a Point to a Plane

The length of perpendicular from (x1, y1, z1) onax + by + cz+d =0 s

| ax, + by, +cz, +d|
J(:az +b? + )

13. Positions of Points (X3, y1, z1) and (X2, y2, z2) relative to a Plane

If the points (x1, y1, z1) and (X3, y2, z2) are on the same side or opposite side of the plane ax + by + cz +
d = 0 then

ax, +by, +cz, +d ax, +by, +cz, +d
1 T DY,y 1 e | Y1 1

<0
ax, +by, +cz, +d ax, + by, +cz, +d

14. The distance between the Parallel Planes
Let two parallel planesbeax + by + cz+d=0andax+ by +cz+d;i =0

Direct Formula: The distance between parallel planes is
|d-d, |
\[( a +b* +c?|

Alternate Method: Find the coordinates of any point on one of the given planes, preferably putting x = 0,
y=0o0ory=0z=0o0rz=0,x=0.Then the perpendicular distance of this point from the other plane is
the required distance between the planes.

15. Family of Planes

Any plane passing through the line of inter-section of the planes ax + by + cz + d = 0 and aix + byy + ci1z
+ d; = 0 can be represented by the equation.

(ax=by +cz+d)+ A(aix+ by +ciz+di) =0

16. Equations of Bisectors of the Angles between two Planes
Equations of the bisectors of the planes
Pi:ax+by+cz+d=0&Py:aix+biy+ciz+di =0

(whered > 0 & d; >0) are
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(ax + by + cz + d) _+[alx+b1y +Cz+d,)
J('a2+b2+c2) J{a§+bf+c§)
Conditions Acute angel Bisector Obtuse angle Bisector
aai; + bb; +cc; >0 - +
aa; + bb; +cc1 <0 + _

17. The Image of a Point with respect to Plane Mirror

The image of A(x1, y1, z1) with respect to the plane mirror ax + by + cz + d = 0 be B(xz, Y2, z2) is given
by

Xo =Xy _Yo—VY: _Z -2y _—2(ax; +by, +cy, +d)

a b C (& +b% +c?)
18. The feet of perpendicular from a point on a plane

The feet of perpendicular from a point A(x1, Y1, z1) on the ax + by + cz + d = 0 be B(xz, y2, z2) is given by

Xp=X1 _Y2-Y1 _Z-b; _—(ax +by, +¢cz +d)

a b c (a® +b* + )
19. Reflection of a plane on another plane
The reflection of the plane ax + by + cz + d = 0 on the place aix + byy + ciz+ d1 =0 is
2(aa; + bby + cci), (aix + b1y + c1z + di1)= (@12 + bi?2 + c12 )(ax+by+cz+d)
20. Area of a Triangle

If Ayz, Az, Axy be the projections of an area A on the co-ordinate planes yz, zx and xy respectively, then

A= AL AL+ A2

If vertices of a triangle are (xi, y1, z1), (X2, Y2, z2) and (xs, y3, z3) then

——
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4 Yo 7. 1
A.= 5 Yo Zi 1
y3 Z3 1
1 z, X, 1
A= 5 Zs: Xg ik
o Kiy &
(e Ya 1
A, = 5 X, Y, 1
Xs ¥ 1

Note The area of triangle = 2 bc sin A.
21. Pair of Planes: Homogeneous Equation of Second degree

An equation of the form ax? + by2 + cz2 + 2fyz + 2gzx + 2hxy = 0 is called a homogeneous equation of
second degree. It represents two planes passing through the origin. The condition that it represents a

a hg
h b f|l=0
planeisg fc
abc + 2fgh - af? - bg?-ch? =0

22. Angle between two Planes

If © is the acute angle between two planes whose joint equation is ax? + by? + cz? + 2fyz + 2gzx + 2hxy
= 0, then

[2\{f2 +g° +h* -bc—(ca- ab)l
a+b+c J

6 =tan™.
l

Note: If planes are perpendicularthena + b +c=0
23. General equation of a straight line

Letax + by + cz+ d = 0 and aix + byy + ciz + d; = 0 be the equations of any two planes, taken together
then ax + by + cz + d = 0 = a1x + b1y + c1z + d; is the equation of straight line.

The x-axis has equations y = 0 = z, the y-axis z = 0 = x and the z-axis x = 0 = y.

24, Equation of a line Passing through a Point and Parallel to a Specified Direction
11 . :
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The equation of the line passing through (x1, yi, z1) and parallel to a line whose d.r.’'s an a, b, c is

X=Xi:  ¥=Y4 =%
a b C

and the co-ordinate of any point on the line an (x3 + ar, y1 + br, z1 + cr) when r is directed distance.
25. The equation of line Passing through two Points

The equations of the line passing through (xi, yi, z1) and (xz, y2, z2) is
X=Xy ¥N-Ve 2Z-7
Xo =Xy YooYy 4L -4

26. Symmetric Form of the equation of the line

The equation of the line passing through (X1, yi, z1) and having direction cosines |, m, n is

X% V=¥ #%
{ m n

27. To convert from General Equation of a line to Symmetrical Form
(i) Point: Put x = 0 (ory = 0 or z = 0) in the given equations and solve for y and z.
The values of x, y and z are the co-ordinates of a point lying on the line.

(ii) Direction cosines: Since the line is perpendicular to the normal to the given planes then find
direction cosines. Then write the equation of the line with the help of a point & direction cosines.

28. Angle between a Line and a Plane

If angle between the line and the plane aix + byy + ciz+d=01is 6
then 90° - 8 is the angle between normal and the line

(aa, + bb, + ccl_)

€os(90°-8) = — - A
e J(az +b2+c2)\/(af+bf+cf)
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:l:..as No.1 site & app
==.. for JEE, BITSAT, NEET, SSC, Banking
L]

& other competitive exams preparation


https://play.google.com/store/apps/developer?id=gradeup&hl=en

4

gradeup

www.gradeup.co _ ‘
cin6 (aa, +bb, +cc,)
\/(az +b* + czi]\/(\a’f +b? +c3)

Note: If line is parallel to the plane then aa; + bb; + cc1 =0
28. General Equation of the Plane containing the Line

X=Xy, Y= =&

4 m n

isa(x = x1) + b(y —y1) + c(z-2z1) whereal + bm+cn =0
29. Coplanar lines

(i) Equations of both lines in symmetrical form

) n 3 m, n
If the two lines are * 2 2 2

Coplanar then
& the equation of plane containing the line is

(ii) If one line in symmetrical form

Let lines are £ m N and aix + biy + c1z + di = 0 = axx + by + oz + da
The condition for coplanarity is

ax, +by, +cz, +d, _af+bm+cn
axx, +byy, +c,z, +d, alf+bm+cnhn

(iii) If both lines are in General form
Let lines are aix + biy + ciz+di =0 = axx + by + coz + d»
and azx + by + c3z + d3 = 0 = asx + bsay + caz + ds

The condition that this pair of liens is coplanar is
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al bl C1 dl
a, b, ¢, d, -0
a; b, ¢; d,
a, b4 Cs d4

30. Shortest Distance

Two straight lines in space when they are not coplanar are called skew lines. Thus skew lines are neither
parallel nor intersect at any point. Let PQ and RS are two skew lines and a line which is perpendicular to
both PQ and RS. Then the length of the lines is called the shortest distance between PQ and RS.

Let equations of the given lines are

X—X]_:y—yl_Z—Z X=X; Y=Y, Z—-Z,

= L& = =
(1 m, ny (2 m, n,
Let S.D. lie along the line
X=—t: ¥= B _ =Y
I m n
S.D. = |I(X2 = X1) + m (y2 = y1) + n(z2 - z1)|
and
Equation of the shortest distance is
X=X, Y-Y; Z-%
4 m, ng =0
{ m n
and
X=X, Y-V, Z2-2,
(s m, =0
{ m n
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31.Volume of Tetrahedron

If vertices of tetrahedron are (x1, y1, z1), (X2, Y2, Z2), (X3, Y3, z3) and (Xa, Y4, Za) is

Xy Y
Xz Y2
Xz ¥a
Xs Ya

Q| =
N N N
~N

w

1
1
1
1
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